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ABSTRACT

A cloud particle size retrieval algorithm that uses radar reflectivity factor and Doppler velocity obtained by
a 35-GHz Doppler radar and liquid water path estimated from microwave radiometer radiance measurements is
developed to infer the size distribution of stratus cloud particles. Assuming a constant, but unknown, number
concentration with height, the algorithm retrieves the number concentration and vertical profiles of liquid water
content and particle effective radius. A novel aspect of the retrieval is that it depends upon an estimated particle
median radius vertical profile that is derived from a statistical model that relates size to variations in particle
vertical velocity; the model posits that the median particle radius is proportional to the fourth root of the particle
velocity variance if the radii of particles in a parcel of zero vertical velocity is neglected. The performance of
the retrieval is evaluated using data from two stratus case study days 1.5 and 8.0 h in temporal extent. Aircraft
in situ microphysical measurements were available on one of the two days and the retrieved number concentrations
and effective radii are consistent with them. The retrieved liquid water content and effective radius increase
with height for both stratus cases, which agree with earlier studies. Error analyses suggest that the error in the
liquid water content vanishes and the magnitudes of the fractional error in the effective radius and shortwave
extinction coefficient computed from retrieved cloud particle size distributions are half of the magnitudes of the
fractional error in the estimated cloud particle median radius if the fractional error in the median radius is
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constant with height.

1. Introduction

Interaction of radiation with clouds depends, in part,
on the size distribution of the cloud particles. For ex-
ample, Wiscombe et al. (1984) show that absorption of
shortwave radiation increases with the size of cloud par-
ticles. For infinitely thick clouds, Twomey and Bohren
(1980) show that absorption in the shortwave by cloud
is approximately proportional to the square root of the
mean radius of cloud particles. Scattering by cloud par-
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ticles is not negligible in computing radiation in the 8—
13-um wavelength region through clouds (Toon et al.
1989). The intercomparison of radiative transfer models
by Ellingson et al. (1991) and astudy by Fu et al. (1997)
also indicate that the computed infrared irradiance de-
pends on the treatment of scattering by cloud particles.

Some earlier studies demonstrate that the size distri-
bution of stratus cloud particles can be retrieved using
radar reflectivity factor from millimeter-wave cloud ra-
dar and liquid water path estimated from microwave
radiometer radiance measurements (White et al. 1991;
Frisch et al. 1995, 1998; Sassen et a. 1999). These
algorithms generally assume a specific three-parameter
distribution for cloud particles such as alognormal dis-
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tribution. Assuming a known value for the geometric
standard deviation and taking the number concentration
to be constant with height, the algorithms retrieve the
liquid water content at each radar sample volume. They
derive the number concentration by integrating the lig-
uid water content and matching it with the liquid water
path obtained from a microwave radiometer. Given both
retrieved liquid water content and number concentra-
tion, as well as the estimated geometric standard de-
viation for each radar sample volume, any moment of
the three-parameter particle size distribution can be
computed.

One source of error in these retrievals is the use of
a climatological value for the geometric standard de-
viation (Miles et a. 2000). In many retrievals the re-
trieved size distribution is sensitive to the geometric
standard deviation. Hence, if the climatological value
assumed for the geometric standard deviation is not
close to the actual stratus cloud value, there will be
significant error in the retrieval.

This paper discusses an alternative retrieval method
that incorporates the median radius of the cloud particle
number concentration (count median radius; see Hinds
1982), as opposed to the geometric standard deviation.
The advantage of this approach is that the extinction
coefficients computed from retrieved size distribution
are less sensitive to errors in median radii as opposed
to geometric standard deviations. The algorithm re-
trieves vertical profiles of liquid water content, number
concentration, and effective radius using vertical pro-
files of radar reflectivity factor, Doppler velocity, and
estimated particle median radius, together with inte-
grated liquid water path. The median radius at each
height within the cloud is estimated from a statistical
model that relates variance of the vertical velocities in
stratus to the stratus particle median radius. The input
to the statistical model isthe variance of the mean Dopp-
ler velocity (i.e., the first moment of the Doppler spec-
trum) measured by a 35-GHz Doppler radar computed
for a given time period. Since the agorithm does not
use shortwave radiation measurements, the results it
produces are independent of any accompanying short-
wave radiation measurements.

2. Method

a. Retrieval of number concentration and liquid
water content

1) THE LOGNORMAL DISTRIBUTION

We assume a lognormal number distribution for stra-
tus cloud particles. A useful property of a lognormal
distribution is that the nth moment can be calculated
(Hinds 1982) as

” n? In%o
f(r)rn dr = o exp > | 1)
0
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where f(r) is the lognormal cloud particle number dis-
tribution defined as

—(lnr — Inr,)?
(2m)¥2r Ing, 2(Ing)?

r is the particle radius, N is the particle number con-
centration, o is the geometric standard deviation of the
distribution, and r, is the median radius. The median
radiusis defined asthe radius for which half the particles
are both smaller and larger than it.

f(r) = )

2) FRIsCH ET AL. (1995, 1998) ALGORITHM

Sinceradar reflectivity factor and liquid water content
are proportional to the sixth and third moment of the
cloud particle size distribution (White et al. 1991; Frisch
et al. 1995), respectively, the reflectivity factor z for
the ith sample volume is

Z = 2°Nr§ exp(18 In%ay), 3

and the liquid water content, g;, for the ith radar sample
volume is

4 9 In%oy
q = §7prNi rs exp ) 4)
where p,, isthe density of liquid water. We can eliminate
r, by combining (3) and (4) to obtain

1 9
o = S 7PN exp(—é Inz(fgi)ziﬂz. ©)

Summing the liquid water contents ¢, over al radar
sample volumes with height Az yields the liquid water
path,

1 9 e
Q= éprNUZ exp(—5 |n2(rg> 21 ZY2Az, (6)

where n, represents the number of in-cloud radar sample
volumes. To obtain (6), we assume that N¥? exp(—9/2
In20y;) is constant with height (Ovtchinnikov and Kogan
2000). When we assume that N, is constant with height
and given all in-cloud radar reflectivity factors Z,, the
cloud liquid water path Q, and the geometric standard
deviation o, one can solve (6) for N (White et al. 1991;
Frisch et al. 1995, 1998). Then N can subsequently be
eliminated from (5) using (6) to obtain
zy?
G =Qm—. )
> ZV2Az,
j=1

3) PROPOSED ALGORITHM BASED ON PARTICLE
MEDIAN RADIUS ESTIMATION
Eliminating o from (3) and (4), as opposed to r,
we obtain
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2
G = ?prNismrgilzZilM' 8
When the liquid water contents g; are summed over all
radar sample volumes with height Az, the liquid water
path Q becomes

V2 ne
Q = 5 N X, ry?ZiAz, ©)

where the number concentration N is assumed to be
constant with height. The particle median radius r,; in
(9) isestimated from the variance of the Doppler vertical
velocity for each radar sample volume and hence varies
with height. Eliminating N using (8) and (9), we obtain
r32zu4
g =Qrn—— (10)
> ri2ziiAz

j=1

b. Determination of the particle median radius

Considine and Curry (1996) relate the vertical ve-
locity distribution of parcels either ascending or de-
scending adiabatically to the particle size distribution
by assuming that the vertical velocity uniquely deter-
mines the particle size. They also assume that at a fixed
height within a cloud and over a sufficiently long period
of time the distribution of the vertical velocity is Gauss-
ian and the mean velocity is zero. Consequently, parcels
that reach a certain height can have different water con-
tents, depending on their vertical velocities. A parcel
that has a larger vertical velocity at a given height must
have traveled a longer distance from its place of origin
within cloud as compared to a parcel having a smaller
vertical velocity at the same height. Since they assume
that the vertical velocity of aparcel is zero at the lifting
condensation level of the parcel, a diluted parcel that
has lifted adiabatically within cloud has smaller vertical
velocity than a nondiluted parcel originating from their
respective lifting condensation levels.

As the variance of the vertical velocity increases,
more parcels have higher saturation ratios, which leads
to an increase in particle radii. In the Considine and
Curry (1996) model the median radius r,; and the var-
iance of the vertical velocity are related as (see the

appendix)

. (0.96\/5 )ﬂz 1
i D :
where
0 -BER(®) mi
x—ae—lo (13)
r —-r,
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In these equations ww is the variance of the vertical
velocity, g is the acceleration due to gravity, and T is
the air temperature in the parcel. The symbols I, I',,
and I',, represent the environment, parcel, and moist
adiabatic lapse rates, respectively; Fy, F., and K are
defined in the appendix. Following Considine and Curry
(1996), we assumed that X equals 2.4 and neglected the
radius of the particles in a parcel of zero vertical ve-
locity. When we use 850 hPa for p, 273 K for T, and
1.47 X 10 sm~2for F, + F (Rogers and Yau 1989,
p. 104);

r, = 13.2 W, (14)

wherer,; isin micrometers and Ww isin m? s=2. In this
study, we used (14) to retriever,;.

According to Stokes' law, the fall velocity of a 10-
um radius spherical particle relative to air is approxi-
mately 1 cm s—*. The variation in vertical air velocities
of =1 m s~! in one stratus cloud event observed by
Sassen et al. (1999) indicates that the fall velocity of
cloud particlesrelative to air is negligible. These results
suggest that apart from drizzle particles the vertical ve-
locities of cloud particles are close to the velocity of
air. Because the formation of stratuscloudsisover scales
of motion that encompass a radar sample volume and
the statistical model of Considine and Curry (1996) is
based on the distribution of vertical velocitiesthat drives
the vertical motion of parcels, and not individual cloud
particles, we assume that the first moment of the Doppler
radar spectrum, or the mean Doppler velocity v, rep-
resents w in the Considine and Curry (1996) study. We
further assume that the mean Doppler velocity v, av-
eraged over a 30-min interval is approximately zero, so
that vyu, is a reasonable measure of ww. To eliminate
possible biases in v, as a measure of the vertical air
motion that result from precipitating particleswelimited
the analysis to radar data with Doppler velocities be-
tween =1 m st and with reflectivity factors less than
—20 dBZ.

The mean Doppler velocity v, averaged over the
30-min interval may depart from zero, and hence
V.U, Mmay not be a perfect estimator for ww. In ad-
dition, v v, depends on the sampling frequency of the
Doppler velocity measurements. The magnitude of the
error in v u; and how well vyu; represents ww are
difficult to quantify; however, the sensitivity of the
median radius to the error in the variance is not large
(see section 4).

c. Retrieval of effective radius

Hu and Stamnes (1993) demonstrated that an impor-
tant parameter for quantifying the impact of clouds on
the radiation field is the effective radius r, which is
defined by Hansen and Travis (1974) as
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f f(r)r3 dr
0
r =

J f(r)rz dr
0

Therefore, we must relate N, g;, and r,; to r to use the
retrieved results in radiative transfer studies. Again as-
suming a lognormal number distribution for f(r), the
effective radiusr is

(15

rs = Iy exp(2.5In20y). (16)
Using the relation
TP Z, 2z
exp(Inoy) = r”i(m)(FqJ , 17

which is derived from (3) and (4), to eliminate o in

(16), we obtain
o r4/9<7TPwZi>5/27

480 (18)

3. Results

We used data collected at the Atmospheric Radiation
Measurement (ARM) program (Stokes and Schwartz
1994) Southern Great Plains central facility (36.69°N,
97.48°W) to retrieve the size distribution of stratuscloud
particles. We retrieved vertical profiles of cloud liquid
water content, number concentration, and effective ra-
dius during two stratus cloud cases that occurred over
the central facility. The first case was 30 April 1994
when a single layer stratus cloud passed over the site
in the afternoon (Sassen et al. 1999). Whiletheretrieval
developed by Liljegren (1995) provided estimates of
cloud liquid water path from microwave radiometer
measurements, the University of Massachusetts 35-GHz
Doppler radar provided radar reflectivity factor and
Doppler velocity observations from 2030 to 2200 UTC.
During the entire period, the reflectivity factors mea-
sured by the radar were less than —20 dBZ, suggesting
the absence of drizzle. The general lack of drizzleduring
this period is also supported by surface observations
that recorded no precipitation. Note that for approxi-
mately 6 min around 2130 UTC the cloud radar reflec-
tivity factors were below the threshold of detection.

The second case took place on 3 December 1997
when a single layer stratus cloud covered the site. Re-
flectivity factors and Doppler velocities were measured
by the ARM 35-GHz Doppler radar operated as a part
of the Atmospheric Radiation Measurement program
(Moran et al. 1998; Clothiaux et al. 2000). The clouds
were thick and precipitating from 0000 to 0600 UTC.
During this period, the radar detected hydrometers up
to 8 km with a maximum reflectivity factor of approx-
imately 10 dBZ. The clouds subsequently thinned and
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single layer stratus cloud covered the site from 1200 to
2400 UTC. During this period, radar reflectivity factors
were less than —25 dBZ and no precipitation was re-
corded at the surface. The low radar reflectivity factors
for these two cases also imply that these clouds were
liquid water clouds (Mace and Sassen 2000).

The retrieved liquid water contents, particle effective
radii, and number concentrations for the 30 April and
3 December cases are presented in Figs. 1 and 2, re-
spectively. AsFigs. 1 and 2 illustrate, cloud liquid water
contents were higher on 30 April compared to 3 De-
cember, and in both cases the maximum liquid water
content (=1.0gm—3at 2100 UTC on 30 April and =0.4
g m~3 at 2100 UTC on 3 December) occurred when
cloud top reached its maximum altitude. However, the
same amount of liquid water content occurred near 1400
UTC when the cloud altitude is minimum on 3 Decem-
ber 1997. In the two cases the retrieved liquid water
contents increased with height through the lower half
or two-thirds of the stratus (Fig. 3), in agreement with
both theoretical studies (Mason and Chien 1962; Khai-
routdinov and Kogan 1999) and observations (Albrecht
et al. 1985, 1990; Noonkester 1984; Stephens and Platt
1987). Averaging the liquid water content profiles from
2111t0 2142 UTC (apart from the break in cloud around
2130 UTC) on 30 April led to a maximum of 0.63 g
m~3 at an altitude of 1.6 km above ground level, in
agreement with the results of Sassen et al. (1999).

Sassen et al. (1999) report that in situ observations
in the stratus with a forward scattering spectrometer
probe (FSSP) from 2111 to 2142 UTC on 30 April led
to an average value of 345 cm~2 for the number con-
centration that was fairly constant with height. The re-
trieved number concentration averaged over the same
period was 338 cm—3.

Since we assume a constant number concentration
with height and the retrieved cloud liquid water increas-
es with height, the retrieved particle effective radius
increased with height (Fig. 3). This increase in the par-
ticle effective radius with height also agrees with ob-
servations (Nicholls 1984; Stephens and Platt 1987).
The average volume radii, r,;, which is the radius of a
particle the mass of which equals the liquid water con-
tent divided by the number concentration, derived from
the retrieval and in situ FSSP measurements made on
30 April increase with height and are comparable in
magnitude (Fig. 4).

To further evaluate the reasonableness of theretrieved
microphysical properties, we input them into two ra-
diative transfer models and compared the results with
observations. To this end we used delta two- and four-
stream radiative transfer models (Toon et al. 1989; Liou
et al. 1988) to compute the downward longwave and
shortwave surface irradiance, respectively, using the re-
trieved number concentrations and effective radii asin-
put to these models. We computed the optical properties
of the cloud particles according to Mie theory using the
retrieved effective radius and a geometric standard de-
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viation of 1.42 to specify the parameters of alognormal
distribution.

In the radiative transfer calculations gaseous absorp-
tion was computed using the k-distribution tables with
the correlated-k assumption developed by Kato et al.
(1999) and Mlawer et a. (1997) for shortwave and long-
wave radiation, respectively. Rawinsondes provided at-
mospheric water vapor profiles for both case study pe-
riods, while we estimated the shortwave surface albedo
for 3 December from the ratios of upward to downward
pointing pyranometer measurements. The average sur-
face albedo between 1800 and 2100 UTC on 3 Decem-
ber was 0.174, and we used this value for the surface
albedo on 30 April because the upward surface irradi-
ance was not measured on this day. We assumed the
surface emissivity to be unity and used the surface air
temperature for the surface temperature. Both the down-
ward shortwave and downward longwave irradiances
were computed at 1-min intervals over the two case
study periods.

The resulting downward shortwave surface irradi-
ances are well correlated with the measured irradiances
between 2030 and 2200 UTC on 30 April (Fig. 5) and
throughout the 8-h period from 1400 to 2200 UTC on
3 December (Fig. 6). On average, the modeled short-
wave irradiance is greater by 21 W m~-2 and smaller by
6.3 W m~2 than the measurements on 30 April and 3
December, respectively. These amounts correspond to
12% and 8% of the averaged measured downward short-
wave irradiance for these two periods. The modeled
longwave irradiance is smaller by 0.7 W m~2 than the
measurements for the both days, which corresponds to
0.2% of the averaged measured downward longwave
irradiance over the two periods.

In order to check the consistency for the 3 December
1997 case, we computed extinction coefficients by

_ 3

2pwrei '
and integrated over the cloud height to compare with
optical thicknesses used for the computation of irradi-
ances (Fig. 7). The optical thickness integrated from
(19) is approximately 1.6 times larger than those used
in the computation. To estimate the significance of these
optical thickness differences, we compute theirradiance
by multiplying the number concentration by 1.6 so that
the extinction coefficients are close to those computed
by (19). Whileit is possible that the differenceis caused
by inhomogeneity of clouds because the radar only pro-
vide cloud information at the zenith and the model uses
plane-parallel clouds, approximations in the algorithm
and instrumental errors can cause the difference. Pos-
sible reasons of these optical thickness differences are
addressed in the next section along with sensitivity stud-
ies.

For the comparison, we also used the effective radius
of 5.4 um, which is the average effective radius for

B (19)
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continental stratus clouds reported by Miles et al.
(2000), to compute the downward shortwave and long-
wave surfaceirradiance. Theliquid water wasuniformly
distributed from the observed cloud base to the top. The
computed irradiance with the average effective radius
is also well correlated with measurements, which im-
plies that the variation of the shortwave surface irra-
diance is mainly caused by the variation in the liquid
water path. On average, the modeled shortwave irra-
diance with the average effective radius is greater by
13 W m~2 and smaller by 23 W m~2 than the mea-
surements on 30 April and 3 December, respectively.
While Dong et al. (2000) reported a substantial variation
in the effective radius over 2 yr at the site (4—14 um),
using the effective radius of 5.4 um for computing
downward irradiance does not introduce a significant
bias error for these two cases because the retrieved ef-
fective radii are close to the average effective radius.

4. Discussion

When a cloud extends through n, radar sample vol-
umes, there are n, + 1 equations in the retrieval con-
sisting of n. equations of (3) and one equation of (9).
Assuming a lognormal distribution for each radar sam-
ple volume produces a total of 3n, unknowns, that is,
N;, o, and r; for each radar sample volume. Therefore,
we must make assumptions to reduce the number of
unknowns from 3n, to n, + 1. Following White et al.
(1991), we made the assumption that the number con-
centration N; was constant with height. We then used
the variance of the vertical Doppler velocity to obtainr,
throughout the vertical extent of cloud and solved the
resulting n, + 1 equationsfor Nand o (i = 1, ..., ny).

Since the liquid water content ¢, effective radiusr,
number concentration N, and extinction coefficient B,
are important to the radiation, we must quantify how
errors in the estimates of the retrieved properties, and
especialy r,, propagate into estimates of these radia-
tively important quantities. In the following section, we
estimated the error in retrieved values due to the error
in the estimated median radius. For a comparison, we
also estimated the error in retrieved values by the al-
gorithm given by Frisch et a. (1995) due to the error
in the geometric standard deviation. To estimate the er-
ror in the liquid water content due to the error in the
median radius, we use (10) and take the derivative with
respect to r,; to obtain

[ a rv271u4 .
9 _3m _ GQrazeaz o

or - ZH Ne H (20)
ni ni r3_/gz_]J4A .
O 21 O s
When we sum the error contributing to the ith radar
sample volume from other radar sample volumes (i.e.,
(0g./or 4 )Ar ., k # i), the error in the liquid water con-
tent is
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Fic. 1. Retrieved (a) liquid water contents, (b) effectiveradii, and (c) number concentrations
for 30 Apr 1994. The radar reflectivity factor is averaged every minute to produce the contour
plot. The contour interval in (@) is every 0.2 g m—2 and numbers indicate the liquid water
content (in g m~3). The contour interval in (b) is every micrometer and numbers indicate
the radius (in wm).

O i O 3q 3
ry2zysAz Ar ==
Aq 3 &rni 2y Tac a8z k(] ry 4mpN) (22
~ ~3E = o (21 w
G [Fs > rd2zuAz, For alognormal distribution, the effective radius, ry, is
=1

O

When the fractional error in the median radius does not
depend on height, the error in the liquid water content
vanishes. The liquid water content retrieved by the al-
gorithm given by Frisch et al. (1995) does not depend
on the value of geometric standard deviation because
of the assumption of the constant geometric standard
deviation with height.

To further investigate the error in the effective radius,
we define the average volume radius, r,, the radius of
aparticle of which mass times the number concentration
gives the liquid water content, as

rs = ry exp(In?oy). (23)
Combining (17), (22), and (23) yields
1/3 2127
r, = r-@o 39 Pl . (24)
“ " 41p,, N 48q,

Substituting (9) for N and (10) for g; in (24) and taking
the derivative with respect to r,; yields
arg  rqfl Br¥2zZv+Az, 0O
— =+ —F10

2
arni rni ( 5)

18 13220 Az
j=1
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December 3, 1997
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Fic. 2. Retrieved (@) liquid water contents, (b) effective radii, and (c) number concentrations
for 3 Dec 1997. The radar reflectivity factor is averaged every 7.5 min to produce the contour
plot. The contour interval in (a) is every 0.1 g m~2 and numbers indicate the liquid water
content (in g m~—3). The contour interval in (b) is every micrometer and numbers indicate the

radius (in wm).

Again, when we sum the error contributing to the ith
radar sample volume from other radar sample volumes,
the error in the effective radius is

5> r¥2zveAz,Ar,
=0y k1 . (26)
el 6Ifni 3
18 >, r32zvAz,

j=1

When the fractional error in the median radius does not
depend on height, (26) becomes
Arg  4Ar

=—= 27
Iy or @

ni

Therefore, the fractional error in ther isapproximately

half of the fractional error in r,, when the fractional
error in the median radius does not depend on height,
hence the shape of the median radius vertical profileis
correct. Similarly, substituting (6) for N in (22), sub-
stituting the resulting equation in (23), and taking the
derivative with respect to o, we obtain

Iy He Incrg. (28)
doy gy
Hence, the fractional error in the effective radius re-
trieved by the algorithm given by Frisch et al. (1995)
is 1.3 times greater than the fractional error in the geo-
metric standard deviation when the geometric standard
deviation is 1.4.



2902

April 30, 1994

1
0.9r a
0.8¢
0.71

S
5 0.6
o
L 05¢
=
o

5 0.4t
I

2111 -2142 UT

0.31
0.2} 000 - 2130 UT

0.1f

0 0.5 1
Liquid Water Content (g m'3)

April 30, 1994

0.3F 2111 -2142 UT

017 2000 - 2130 UT 4

0 5 10
Effective Radius (1 m)

JOURNAL OF THE ATMOSPHERIC SCIENCES

Fic. 3. Vertical profile of the liquid water content and effective radius for 30 Apr 1994
[(@ and (c), respectively] and 3 Dec 1997 [(b) and (d), respectively]. The ordinate is the
fraction of the height relative to the cloud depth. The dotted line in (b) indicates the adiabatic

liquid water content.

To estimate the sensitivity of the number concentra-
tion to errors in the estimate of value r,;, we take the
derivative of N with respect to r,; in (9) and add the
error dueto al in-cloud radar sample volumes, the error
in the number concentration is

> ry2z¥t Az Ar,
" : (29
> rerzuAz,

j=1

AN
i
N

If the fractional error in the median radius does not
depend on height, (29) becomes
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AN Ar,;
— = —2— 30
N r (30)

That is, the fractional error in the number concentration

is approximately twice as large as the fractional error

in r, and opposite in sign. For comparison to the re-

trievals based on a constant value of o, we take the

derivative of N with respect to o, in (6) to obtain
oN 18N Ing,

doy oy

Since the value of 18 In ¢, is approximately 6 when o,

is 1.4, the fractional error in N is six times larger than
the fractional error in oy.

(31)
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2111-2115 UT 2117-2120 UT 2124-2128 UT
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FiG. 4. Profiles of the average volume radius, which is the radius of particle of which mass

equals the liquid water content divided by the number concentration, derived from the airborne
|aser-based FSSP data (dashed line) and from retrieved size distributions (solid line). Thevolume
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mean radii are averaged over time periods indicated at the top of the figure.

If we assume that the shortwave extinction coefficient
B, is given by (19), then
108, 19dqg 1 or,
1op _1oq 1ore (32)
Bi arni qi arni rei arni

Substituting (20) and (25) into (32) and summing the
error due to all in-cloud radar sample volumes yields

16 rv2zvaAz Ar
% 3 4Arni B Zl nk k k nk (33)
Bi 3rni s .
9 ,:21 rd2zuiAz,

When we add the error due to all in-cloud radar sample
volumes and if the fractional error in the median radius
is independent with height, (33) becomes
AB, 4Ar
—_— = ——, 34
:8i 9rni ( )
Likewise, the fractional error in the extinction coeffi-
cient as a result of error in the geometric standard de-
viation in the algorithm given by Frisch et al. (1995) is
AB. A
£ _ 41ne,n %, (35)
Bi o-g
The fractional error in B, is approximately half of the
fractional error inr,; if the fractional error in the median
radius does not depend on height and about 1.3 times
the fractional error in o, when o is 1.4. Note that the

error in g; vanishes when the fractional error inr, is
independent with height so that the magnitude of error
in B, is the same as the magnitude of error inry.

In a study of in situ cloud measurements Miles et al.
(2000) report that the median radius observed in stratus
clouds varies from 1 to 10 um, while the geometric
standard deviation varies from 1.2 to 2.2. Therefore, the
variations in the median radius and geometric standard
deviation are significant, implying that neither quantity
should be set to a climatological average for the most
accurate retrievals. However, using the effective radius
of 5.4 um, which is the average effective radius of
continental stratus clouds, for computing downward ir-
radiance does not introduce a significant bias error be-
cause the retrieved effective radii for these two cases
are close to the average effective radius. If the effective
radius of stratus at given site does not change very much
and if the value is known, using the value for the surface
irradiance may give the unbiased irradiance when they
are averaged over a certain period. However, Dong et
al. (2000) reported asubstantial variation in the effective
radius at the site.

In this study we used the variance of the vertical
Doppler velocity to estimate the median radius r,
which is a function of D, given by (12). The sensitivity
of ry to D, is given by

g drg ory
D,  ar, oD,

The sensitivity of r,, to D, is

(36)



2904

400

JOURNAL OF THE ATMOSPHERIC SCIENCES

30 April 1994

Irradiance (W m™
n w0
[=) o
< =)

Y
(=]
(=]

o

Shortwave

50

Model — Obs. (W m'2)
=]

-50
-100 t t
& ‘ Longwave ¢
€ P
340 -M . 7
% ./‘M%ATAﬁm - \"*J;V
=
£330 1
g
d

1
21.0

215 22.0

Time (UT)

Fic. 5. Measured (thick line) (a) shortwave and (c) longwave downward irradiance at the
surface on 30 Apr 1994. The thin and shaded solid lines indicate the modeled irradiance with
retrieved size distributions and with 5.4-um effective radius, respectively. The retrieved ef-
fective radius and concentration were used to compute the irradiance for every minute. Short-
wave case (b) and longwave case (d) show the difference of the modeled irradiance with
retrieved size distribution (thick solid line) and with 5.4 um (shaded line) from the mea-

surements.

arni _ rni
aD, 2D,

where r2D = 0.96\/2 when ro = 0is used to derive
(37). Consequently, the fractional error inr; is half of
the fractional error in D, and the fractional error in r
due to the error in D; is approximately one-fourth of the
fractional error in D; if the fractional error in r, does
not depend on height. Considine and Curry (1996) show
that D is not a strong function of temperature but chang-
es with ww and X. While ww was estimated from mea-
surements, X was assumed to be 2.4 in the retrieval.
The quantity X can vary from zero to infinity depending
on the lapse rate of the parcel relative to the environ-
mental and adiabatic lapse rates. For realistic values of

(37)

rq, X must be between 1 and 4 if the maximum of
Ww is approximately 0.2 m2 s—2, which was the case
for the two study periods.

To verify the magnitude of the preceding error esti-
mates we constructed a simple five-layer cloud model
with layer median radii and geometric standard devia-
tions given in Table 1. We then retrieved the effective
radius, number concentration, and liquid water content
for each layer with either the median radii or geometric
standard deviations set to their perturbed valuesin Table
1. The case indicated by “r,; perturbation” in Table 1
simulates the retrieval proposed in this paper and that
by ““ o, setto 1.4” simulatestheretrieval given by Frisch
et al. (1995). We subsequently computed the extinction
coefficients B; using (19).
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Fic. 6. Measured (thick line) (a) shortwave and (c) longwave downward irradiance at the
surface on 3 Dec 1997. The thin and shaded solid lines indicate the modeled irradiance with
retrieved size distributions and with 5.4-um effective radius, respectively. Inputs to compute
irradiances indicated by the dashed line are the same as the thin line except that the number
concentration is multiplied by 1.6. The retrieved effective radius and concentration were used
to compute the irradiance for every minute. Shortwave case and longwave case (d) show the
difference of the modeled irradiance with retrieved size distribution (thick solid line) and with
5.4 um (shaded line) from the measurements for 3 Dec 1997.

The results from this simple model are in agreement
with the preceding error analysis. For example, when
r, is perturbed to a value approximately 20% smaller
than the actual r,, ry given by (16) decreases by ap-
proximately 10% and N given by (9) increases by ap-
proximately 80%. The resulting extinction coefficient
increases by approximately 10%. Similarly, when o is
set to a value of 1.4 (a perturbation to a value approx-
imately 20% greater than the actual o), r., decreases by
approximately 15% and N given by (6) increases by
approximately 120%. In this case the extinction coef-
ficient increases by approximately 15%. All of these
changes are what is expected based on (20)—(35).

In many cases the particle size distributions in stratus
clouds may not be a single-mode lognormal distribution
(e.g., Nicholls 1984). In order to estimate the error in-
troduced into the retrieval by assuming a single log-
normal size distribution for cloud particles, we applied
the retrieval to a bimodal distribution of cloud particles
(Table 1, case 2). To generate a himodal distribution we
added particles with a median radius of 30 um, a geo-
metric standard deviation of 1.4, and a concentration of
1.0 cm~2 to the case 1 value of r,, and a geometric
standard deviation of 1.4. We then retrieved N, r, and
g, both assuming the size distribution of the smaller
particles. In both cases the retrieved number concentra-
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Fic. 7. Optical thicknesses computed by integrating extinction coefficients given by Mie
theory vs those computed by integrating extinction coefficients given by (19). Retrieved
effective radii with the fixed geometric standard deviation of 1.42 are used to compute the
extinction cross sections by Mie theory, which are used for irradiance computations.

tions, N, islessthan its actual value. However, the num-
ber concentration obtained by setting o, to 1.4 is much
smaller. To understand this result rewrite (6) and (9) as

0 Q ? T2

— o= N and (38
b3z Bewei O
Wi:1 i |D
/3 \/z 4/3
E%Ea - (—77) 2N, (39)
VAN 7
@W;Z, Azl

respectively. For simplicity assume that r; is constant
with height. Both sides of (38) have dimensions of one
over length cubed, while the both sides of (39) have
dimensions of one over length. By adding large particles
to a single-mode lognormal distribution (as in case 2),
the left-side denominator in (38) is augmented more
than in (39), causing a larger change in N.

We also investigated, in Table 2, sensitivities of re-
trieval values to instrumental errors to the true value
given at the top of Table 2. Clothiaux et al. (1995) show
that the one-way attenuation rate of 94-GHz radar sig-
nalsislessthan 5dB km~-* when theliquid water content
islessthan 1 g m~3 and the mean radiusisapproximately
5 um. Attenuation of 35-GHz radar signalsisabout one-
sixth of 94-GHz radar signals, which gives attenuation
no more than 1 dB km~* in the same cloud. In this
study, first, we assumed the two-way attenuation of ra-
dar signal of 0.5 dB in each layer (case 1 in Table 2).
Second, we assumed that radar reflectivity factors of all

layers are 3 dB smaller than the true values due to the
calibration error (case 2 in Table 2). In both cases the
reflectivity factor is smaller than the reflectivity factor
computed from the liquid water content. In order to
tolerate these reductions in reflectivity factor keeping
the liquid water path the same as in the algorithm, the
size of particles must be reduced and the number con-
centration must be increased because reflectivity factor
is more sensitive to the particle size. For both cases the
extinction coefficient computed from the retrieved size
distribution were increased due to increasing the number
concentration because increasing the left side of (38)
and (39) by attenuation or the calibration error increases
N in the right side. Third, we increased the liquid water
path by 10% (case 3 in Table 2). In all three cases, the
optical thicknesses of the cloud integrated from extinc-
tion coefficients are greater than the true values. How-
ever, the optical thicknesses computed from the pro-
posed retrieval results are affected less by these instru-
mental errors than those computed from the Frisch et
al. (1995) retrieval.

One drawback of the proposed retrieval based on es-
timates of the median radius r,; is that the geometric
standard deviation becomes imaginary (i.e., In?a, < 0)
when the retrieved effective radius is less than r;. In
other words, when our estimate of the median radiusis
larger than the retrieved effective radius because of as-
sumptions in the algorithm or instrumental errors or
both, the geometric standard deviation is unphysical.
Even when the retrieved standard deviation is unphys-
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Layer Mo (pm) oy Z (dBZ) q(gm) re (um) N (cm=9) B (m™)
Case 1 cloud, truth
1 7.0 11 —24 0.60 7.2 400 0.13
2 8.0 11 -21 0.89 82 400 0.16
3 7.0 11 —24 0.60 7.2 400 0.13
4 6.0 1.2 —26 0.42 6.5 400 0.10
5 5.0 12 —-31 0.24 54 400 0.07
Case 1 cloud, proposed retrieval, r,; perturbation
1 (5.2) 1.3 (—24) 0.57 6.3 737 0.13
2 (5.8) 13 (—21) 0.84 7.2 737 0.18
3 (5.2) 1.3 (—24) 0.57 6.3 737 0.13
4 (5.0) 13 (—26) 0.49 6.1 737 0.12
5 4.2 13 (—31) 0.29 5.1 737 0.08
Case 1 cloud, Frisch et al. (1995) retrieval, o, set to 1.4
1 46 (1.4) (—24) 0.58 6.1 877 0.14
2 53 (1.4) (—21) 0.87 7.0 877 0.19
3 46 (1.4) (—24) 0.58 6.1 877 0.14
4 4.1 (1.4) (—26) 0.46 5.4 877 0.13
5 34 (1.4) (—31) 0.26 45 877 0.09
Case 2 cloud, truth
1 7.0 + 30.0 14+ 14 -4 114 9.3 + 39.8 400 + 1 0.16
2 8.0 + 30.0 14+ 14 -3 1.62 10.6 + 39.8 400 + 1 0.21
3 7.0 + 30.0 14+ 14 -4 114 9.3 + 39.8 400 + 1 0.16
4 6.0 + 30.0 14+ 14 —4 0.79 8.0 + 39.8 400 + 1 0.12
5 5.0 + 30.0 14+ 14 -4 0.54 6.6 + 39.8 400 + 1 0.09
Case 2 cloud, proposed retrieval, r,; perturbation
1 (7.0) 1.8 (-4 1.13 15.4 206 0.11
2 (8.0) 1.7 (—3) 1.41 15.5 206 0.14
3 (7.0) 1.8 (—4) 1.13 15.4 206 0.11
4 (6.0) 18 (—4) 0.89 153 206 0.09
5 (5.0 19 (—4) 0.67 151 206 0.07
Case 2 cloud, Frisch et al. (1995) retrieval, o, set to 1.4
1 18.3 (1.4) (-4 1.05 24.4 26 0.06
2 20.6 (1.4) (—3) 1.09 274 26 0.06
3 18.4 (1.4) (—4) 1.05 24.4 26 0.06
4 16.3 (1.4) (—4) 1.03 21.6 26 0.07
5 14.3 (1.4) (—4) 1.02 19.0 26 0.08

ical, retrieved N, ¢, and r, can be reasonable such as
shown in Table 2.

As mentioned before, the optical thickness computed
from retrieved values for 3 December 1997 is greater
than the optical thickness that would provide the ob-
served surface irradiance. Based on the error analysis,
possible reasons for this difference besides inhomoge-
neity of the cloud are that 1) estimated median radii are
smaller than actual median radii especially where re-
flectivity factors are large so that right side of (33) is
positive and 2) radar calibration is off so that actual
reflectivity factors are higher than the measured values
or the liquid water path estimated from the microwave
radiometer is less than the actual value.

5. Conclusions

This paper demonstrates that number concentration
and vertical profiles of liquid water content and effective
radius can beretrieved using liquid water path estimates
and vertical profiles of radar reflectivity factor and

Doppler velocity. An important feature of the proposed
retrieval is that the height dependence of the median
radius r,; of the cloud particle size distribution is esti-
mated from vertical Doppler velocity measurements ob-
tained by a 35-GHz cloud radar. In particular, themedian
radius is estimated from the variance of the vertical
Doppler velocity measurements using the statistical
model of Considine and Curry (1996). The Considine
and Curry (1996) model assumes that the distribution
of vertical velocities at a given height is Gaussian with
a mean of zero and that the variance of the vertical
velocity uniquely determines the median radius of the
cloud particles. Moreover, the model implies that the
cloud particle median radiusis proportional to thefourth
root of the vertical velocity variance if we neglect the
radius of cloud particles in a parcel of zero vertical
velocity. The proposed algorithm assumes that the cloud
particle number concentration is constant with height.
We used two case study periods to evaluate the al-
gorithm, a 1.5-h period on 30 April 1994 for which we
have corroborating aircraft data, and an 8.0-h period on
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TABLE 2. Sensitivity to instrumental errors. Numbers in parenthesis indicate the assumed values or inputs. A minus sign (—) indicates
that the retrieved value is an imaginary number.

Layer Iy (um) oy Z (dB2) q(gm) re (um) N (cm—9) B (m™)
Cases 1, 2, 3 cloud, truth
1 7.0 11 —24 0.60 7.2 400 0.13
2 8.0 1.1 -21 0.89 8.2 400 0.16
3 7.0 11 —24 0.60 7.2 400 0.13
4 6.0 1.1 —28 0.38 6.5 400 0.10
5 5.0 11 -33 0.22 54 400 0.07
Case 1 cloud, proposed retrieval, attenuated Z
1 (7.0 — (—26) 0.57 6.7 460 0.13
2 (8.0) — (—22) 0.88 7.8 460 0.17
3 (7.0 — (=25) 0.61 7.0 460 0.13
4 (6.0) 1.1 (—29) 0.39 6.1 460 0.10
5 (5.0 11 (=33) 0.23 5.2 460 0.07
Case 1 cloud, Frisch et al. (1995) retrieval, attenuated Z
1 6.6 (1.1) (—26) 0.55 6.7 480 0.12
2 7.5 (1.2) (—22) 0.87 7.7 480 0.17
3 6.6 (1.1) (—25) 0.61 6.7 480 0.14
4 5.6 (11) (—29) 0.41 5.7 480 0.11
5 4.7 (1.1) (=33) 0.25 4.8 480 0.08
Case 2 cloud, proposed retrieval, biasin Z
1 (7.0 — (=27) 0.60 6.4 527 0.14
2 (8.0) — (—24) 0.89 7.3 527 0.18
3 (7.0 — (=27) 0.60 6.4 527 0.14
4 (6.0) — (—31) 0.38 55 527 0.10
5 (5.0 — (—36) 0.22 4.6 527 0.07
Case 2 cloud, Frisch et al. (1995) retrieval, biasin Z
1 5.7 (1.1) (=27) 0.60 5.8 724 0.15
2 6.6 (1.2) (—24) 0.89 6.7 724 0.20
3 5.7 (1.1) (=27) 0.60 5.9 724 0.15
4 4.9 (1.2) (—31) 0.38 5.0 724 0.11
5 41 (1.1) (—36) 0.22 4.2 724 0.08
Case 3 cloud, proposed retrieval, increased liquid water path
1 (7.0 11 (—24) 0.66 7.3 476 0.14
2 (8.0) 1.1 (—21) 0.98 8.3 476 0.18
3 (7.0 11 (—24) 0.66 7.3 476 0.14
4 (6.0) 1.1 (—28) 0.41 6.2 476 0.10
5 (5.0 11 (=33) 0.24 5.2 476 0.07
Case 3 cloud, Frisch et al. (1995) retrieval, increased liquid water path
1 6.8 (1.1) (—24) 0.66 6.9 439 0.14
2 7.8 (1.2) (—21) 0.98 7.9 439 0.19
3 6.8 (1.1) (—24) 0.66 6.9 439 0.14
4 5.8 (1.2) (—28) 0.41 6.0 439 0.10
5 4.8 (1.1) (=33 0.24 5.0 439 0.07

3 December 1997. For the stratus case on 30 April the
retrieved number concentration was 338 cm-2, whilein
situ FSSP measurements reported a concentration of 345
cm~2 (Sassen et al. 1999). The retrieved and in situ
average volume radii were also consistent with each
other for this case.

Error analyses suggest that the error in the liquid
water content vanishes and the magnitudes of the frac-
tional error in the effective radius and shortwave ex-
tinction coefficient computed from retrieved cloud par-
ticle size distributions are half of the magnitudes of the
fractional error in the estimated cloud particle median
radius if the fractional error in the median radius is
constant with height. Moreover, thealgorithmisaffected

less by instrumental errors and the assumption of alog-
normal distribution when the actual cloud particle size
distribution deviates from lognormal as compared with
algorithms that assume a prespecified value for o.
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APPENDIX

Median Radius Estimate from Vertical Velocity
Variance

Following Considine and Curry (1996), we assume
that vertical velocities w inside clouds at a given height
follows a Gaussian distribution

Pw) = (A1)

1 ox —W?
(2mww)v2 P\ 2vew )
where Ww is the variance of the vertical velocity. This
distribution is applied to a time period, or horizontal
scale, over which the mean vertical velocity is zero.
Considine and Curry (1996) show that the particle ra-
diusin an adiabatically ascending or descending parcel
is expressed as a function of its vertical velocity w as

2WKT
24— A2
T G+ Fo)X! (A7)
where
pCP ELV
= +

“Tdem R #9

. eLV _ LVpW
Fc = <RT 1>—kKT , (A4)

P RT

Fo= 2" and A5
> doem " "o
x— e Ly AB
o — (A6)

P m

In these equations g is the acceleration due to gravity,
p isthe total atmospheric pressure, ¢, isthe specific heat
capacity of dry air at constant pressure, L, is the latent
heat of vaporization of water, T is the temperature of
air in the parcel, e,(T) is the saturation vapor pressure
at temperature T, R is the gas constant of dry air, € is
theratio of the molecul ar weight of water to the apparent
molecular weight of dry air (0.622), k, is the thermal
conductivity of air, k, is the diffusion coefficient of
water vapor in air, and p,, is the density of liquid water.
The parameters I',, I',, and T',, represent the environ-
ment, parcel, and moist adiabatic lapse rates, respec-
tively. The parameter X is determined by the differences
between ascending or descending parcel lapse rates and
the moist adiabatic and environment lapse rates. Finally,

KATO ET AL.

2909

r, isthe radius of the particles in a parcel for which the
vertical velocity is zero.
Assuming that the distribution of cloud particle radii
are related to the distribution of vertical velocities as
dw
P() = P(W) (A7)
the probability distribution of cloud particle radii be-
comes

_D2(r2 — rg)Z]

P(r) = 8 J (A8)

rD ox
V2w

where

D:

Fe * FD(%). (A9)

ww”  \KT

In order to find the median radius of this distribution
we define the cumulative distribution, F(r), such that

r

P(r’) dr’

L
f P(r’) dr’
0]

Sincer > 0, if we let n = [D(r2 — r2)/2V'2], (A10)
can be integrated to yield

F(r) = (A10)

Drg D(rz —r3)
erf o) + ef|—=%
(2\@) V2
F(r) = , (A1)
Drg
erf o)+ 1
(2\6)
where the error function erf z is defined as
2 z
efz=—= et dt. Al12
V;L (AL2)

Since erf(0) = 0 and erf(0.48) = 0.5, the median
radius is

5 (AL13)
if ryis setto 0. Considine and Curry (1996) assume
that the vertical velocity of aparcel is zero at thelifting
condensation level of the parcel, which is equivalent to
assuming that particles have zero radius at the lifting
condensation level. The median radius as a function of
ww computed by (A11) for different r, and X is shown
in Fig. Al. Here F, + F, to compute D by (A9) is set
to 1.47 X 10 s m~2 (Rogers and Yau 1989, p. 104).
The median radius is not a strong function of r, for r,
smaller than 5 um except for small ww. When X in-
creases, which means the lapse rate of the parcel ap-
proaches the moist adiabatic lapse rate, (A2) shows that
the median radius becomes less dependent on Ww.

(0.96\@ )”2
r, = s
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